We present a manifestly supersymmetric procedure for calculating the contributions from matter loops to the mixed Kähler-gauge and to the mixed Kähler-Lorentz anomalies in N = 1, D = 4 supergravity-matter systems. We show how this procedure leads to the well-known result for the mixed Kähler-gauge anomaly. For general supergravity-matter systems the mixed Kähler-Lorentz anomaly is found to contain a term proportional to R 2 with a background field dependent coefficient as well as terms proportional to (C mnpq ) 2 and to the Gauss-Bonnet topological density. We briefly comment on the relationship between the mixed Kähler-Lorentz anomaly and the moduli dependent threshold corrections to gravitational couplings in Z N orbifolds.
Introduction
As it is well known [14, 15] , the tree-level Lagrangian describing the coupling of chiral and antichiral matter supermultiplets Φ and Φ † to N = 1, D = 4 supergravity is specified by three fundamental functions, namely the Kähler potential K, the holomorphic superpotential W and the holomorphic gauge coupling function f . In the conventional formulation of the theory, the tree-level Lagrangian is invariant under combined super-Weyl-Kähler transformations [14, 15] . These consist of superfield rescalings of the supervielbein, which leave the conventional torsion constraints invariant, followed by Kähler transformations of the three fundamental functions K, W, f .
The chiral matter superfields do not transform under either the super-Weyl or the Kähler transformations. On the other hand, the tree-level Lagrangian in the conventional formulation has, in general, a non-canonical gravitational kinetic energy term of the form h(A,Ā)R, where A represents component matter scalar fields, h is some calculable function and R is the curvature scalar. It is also well known [14, 15] that, by appropriate rescaling of the graviton and of the gravitino as well as of the auxiliary fields M and b a of minimal supergravity, one can obtain a new Lagrangian with appropriately Einstein normalized gravitational kinetic energy, R. This rescaling can either be performed at the component field level [14, 15] or at the superfield level [5, 6, 7] , the latter having the advantage of being manifestly supersymmetric. It turns out that this rescaled Lagrangian is invariant under an important new symmetry, called Kähler symmetry [14, 15, 4] . By explicitly adding the Kähler transformations to the structure group of superspace [5, 6, 7] , one can give a complete superfield description of this In this paper, we will present a manifestly supersymmetric procedure for calculating mixed Kähler-gauge and mixed Kähler-Lorentz anomalies. These are the ones generated by component fermionic triangle graphs with only one Kähler connection sticking out. These mixed Kähler anomalies have important physical consequences.
They have been shown to lead to threshold corrections to gauge and gravitational couplings [16, 9, 10, 26, 18, 2, 3, 25] in string theory as well as to inflationary supergravity models [11, 12] . We will restrict our discussion to the contribution from matter loops to these mixed anomalies. We believe, though, that the procedure described in this paper can also be extended to include contributions from gauge and gravitational fields running in the loop.
The origin of the puzzle is not hard to understand. As mentioned above, a chiral matter superfield carries vanishing Kähler charge ω in Kähler superspace. This means that there is no direct coupling Φ † e ωK Φ of the Kähler prepotential K to quadratic matter superfields, since ω(Φ) = 0. This is to be contrasted with the coupling of the gauge prepotential V to charged matter as Φ † e V Φ. Were one to examine the pure gauge anomaly three-point function, one would find a supersymmetric result, since it could have been obtained by calculating a superfield triangle graph with Φ running in the loop and V -legs sticking out. It seems then clear that, in order to directly calculate supersymmetric expressions for the mixed Kähler anomalies, one must go to a formalism where K couples to chiral matter as Φ † e K Φ. The conventional superspace formalism is such a framework. It allows for a superfield prepotential formalism describing the coupling of quantum matter superfields φ to background prepotentials such as K. [5, 6, 7] . Upon applying these rescalings to the mixed super-Weyl-Kähler anomalies in conventional superspace, we arrive at manifestly supersymmetric results in Kähler superspace which qualify to be called the supersymmetric mixed Kähler-gauge and the supersymmetric mixed Kähler-Lorentz anomaly, respectively. In this way, we give the first complete calculation for, and rediscover the well-known result [16, 10, 26] for the supersymmetric mixed Kähler-gauge anomaly. We also give the first complete calculation for the supersymmetric mixed Kähler-Lorentz anomaly. When putting the gravitational fields on-shell, the supersymmetric mixed Kähler-Lorentz anomaly calculated using our procedure also reduces to its well-known form given in [9, 10] . Off-shell, however, it contains an additional term proportional to R 2 which is not part of the Gauss-Bonnet topological density. Two remarks concerning this term need to be made.
First of all, this R 2 -term, present in general supergravity-matter theories, arises from graphs constructed out of vertices of the type Ee
Such vertices are not invariant under conformal transformations (these are defined in section 6), and, hence, the growing of a term proportional to R 2 not contained in the Gauss-Bonnet combination is not forbidden by any symmetry argument. Secondly, the coefficient of this R 2 term comes out to be background field dependent.
We close this paper with a remark on the relationship between the supersymmetric mixed Kähler-Lorentz anomaly, as computed in this paper, and the moduli dependent threshold corrections to gravitational couplings in Z N orbifolds computed in [3] . These threshold corrections turn out to be proportional to the trace anomaly coefficients of the different fields coupled to gravity. From the field theory analysis presented in this paper this can be understood by noticing that there are two distinct terms which contribute to the Kähler anomaly. One of them comes with a coefficient proportional to the trace anomaly whereas the other one comes with a coefficient proportional to the chiral anomaly in conventional superspace. It is this latter contribution which gets removed by the Green-Schwarz mechanism [16, 9, 10] , yielding threshold corrections proportional to the trace anomaly coefficients of the various fields coupled to gravity.
U K (1) Superspace and Tree-Level Symmetries
In this section, we will briefly review some of the features of Kähler superspace geometry which will be relevant in the subsequent discussion. A complete description of the properties of U K (1) superspace can be found in [7] . The structure group of Kähler superspace is taken to be SL(2, C) × U K (1) and, accordingly, one introduces two Lie algebra valued one-form gauge connections φ B A = dz M φ M B A and A = dz M A M corresponding to the Lorentz and U K (1) groups, respectively. In addition, one introduces a supervielbien E M A and the associated one-forms
gauge connection A is a composite gauge connection defined by
where the prepotential K(Φ i , Φ i † ) is the Kähler potential for matter chiral superfields
the one-form A transforms as
where
and κ 2 = 8πM −2 P . M P is the Planck mass. Also, under a Kähler transformation the supervielbein one-forms E A can be shown [7] to transform as
Solving the Bianchi identities subject to a set of constraints [28] , one finds that all components of the torsion and curvature may be expressed in terms of a set of superfields and their coordinate derivatives:
X α is the superfield fieldstrength of the U K (1) gauge connection. If we further assume that there is an internal gauge group, then we must introduce yet another Lie algebra [5, 6, 7] . It consists of three parts, each specified by a fundamental and independent function. The first part, specified entirely by the Kähler potential, is the supergravity-matter kinetic energy term given by
where E is the superdeterminant. The second part, specified by the holomorphic superpotential W (Φ i ), is the potential energy term given by
Finally, the Yang-Mills Lagrangian is given by
where f (Φ i ) ab is the holomorphic gauge coupling function. The total Lagrangian possesses, at the tree-level, three symmetries.
Kähler invariance:
Under Kähler transformation κ 2 K → κ 2 K + F +F , it can be shown [5, 6, 7] that
One also, simultaneously, transforms W and W α as
and
That is, the complete superfield Lagrangian is invariant under the Kähler transformations κ 2 K → κ 2 K + F +F and (2.12).
Gauge invariance:
This follows from the fact that both E and R are functions of the Kähler potential K [5, 6, 7] of the U K (1) gauge connection superfield A αα
where 
whereas the gaugino λ α transforms with opposite charge
as does the gravitino ψ 
The . . . stand for the additional coupling to the σ-model Christoffel connection Γ i jk = g ij ∂jg jk . Such a coupling will not be considered in this paper.
The covariant derivative of the matter scalar A i is given by
Note the absence of a coupling of the matter scalar A i to the Kähler connection a m given in (2.19) . This is in manifest contrast to the matter fermion χ i . The reason for this is 
where we have only displayed the component terms relevant for this paper.
Of importance to this paper are the couplings of matter currents to external gravi- Finally, note that we have not expanded the potential energy (2.9) into component fields, since its component expansion will not be needed in this paper. Its superfield form is, however, relevant to our discussion. The additional matter couplings contained in the Yang-Mills Lagrangian (2.10), on the other hand, are of no relevance for the subsequent discussion of the Kähler anomalous contributions from triangle graphs to the one-particle irreducible effective action. Hence, we will ignore them throughout this paper.
Kähler Anomalies in the Kähler Superspace Formalism
Since all of the fermions in the supergravity-matter theory are chiral, the possibility exists that all three of the symmetries discussed in the previous section are anomalous at the one-loop level. However, it is well known that there are no pure
Lorentz anomalies in four-dimensions. Furthermore, we will assume, as in the standard electroweak model, that the matter superfield content is so chosen that there are no pure gauge anomalies or mixed gauge-Lorentz anomalies. What about possible one-loop anomalies in the Kähler symmetry? It has recently been demonstrated [16, 9, 10, 26] that both non-vanishing pure Kähler, mixed Kähler-gauge and Kähler-Lorentz anomalies, in general, exist. We will not discuss the pure Kähler anomalies in this paper, since their physical relevance is presently obscure. The mixed Kähler anomalies, however, are known to lead to important phenomenological and cosmological effects [16, 10, 26, 11, 12, 25] , and it is these mixed anomalies we now analyze in detail.
We begin by considering the mixed Kähler-gauge anomaly. We will, throughout this paper, work to lowest order in supergravity and in Kähler background fields.
Consider a set of matter chiral superfields, Φ i , a subset of which have non-vanishing gauge charges, so chosen as to satisfy the condition that they are free of pure gauge anomalies. The relevant part of the supergravity-matter Lagrangian is given in (2.28),
with the covariant derivatives given by (2.25) and (2.27). The graph in Figure 1a gives the fermionic contribution to the mixed Kähler-gauge anomaly. This graph can be evaluated [1] and the contribution to the associated effective Lagrangian is found to be
where F mn is the covariant curl of v m ,F mn = 
which, since it doesn't vanish, implies that Kähler symmetry is broken. Now L χ by itself is not supersymmetric. Before trying to find the one-loop graphs that will supersymmetrize (3.1), it is worth noting that there is a unique superfield expression whose highest component contains L χ . This expression is given by
Expanding (3.3) out into component fields yields
where . . . refers to terms containing fermions. K|and K| θ 2θ2 are the lowest and θ 2θ2 components of superfield K(Φ i , Φ † i ) respectively given by Again, the relevant part of the supergravity-matter Lagrangian is given in (2.28) with the covariant derivatives given by (2.25) and (2.27). The graph in Figure 1b gives the fermionic contribution to the mixed Kähler-Lorentz anomaly. This graph can be evaluated [1] and the contribution to the associated effective Lagrangian , steming from one Weyl fermion running in the loop, is found to be
where R mnb a is the Lie algebra valued curvature tensor andR
If there are N chiral matter fermions in the theory, then (3.6) would simply be multiplied by N. It is easy to see using (2.20) that (3.6) is not invariant under Kähler transformations. Now, L ′ χ by itself is not supersymmetric. Before trying to find the one-loop graphs that will supersymmetrize (3.6), it is worth noting that there is a minimal superfield expression whose highest component contains L ′ χ . This expression is given by
Expanding (3.7) out into component fields [30, 21] yields is impossible to construct a supersymmetric expression for the mixed Kähler-Lorentz anomaly using one-loop graphs generated from the Kähler superspace Lagrangian.
Furthermore, any attempt to generate the missing graphs from the graviton two-point function using the regularization procedure will break Lorentz invariance.
As paradoxical as these results might seem, it is not too hard to understand their origin. In superfields, the gauge prepotential couples to matter as Φ † e V Φ. Were we to examine the pure gauge anomaly three-point function, we would to lowest order in V get as a result the supersymmetric expression
If the Kähler prepotential also coupled to matter as Φ † e K Φ, then we would indeed have arrived at the supersymmetric expressions (3.3) and (3.7) for the mixed Kähler-gauge and Kähler-Lorentz anomalies. However, in Kähler superspace ω K (Φ i ) = 0! It follows that there is no such direct coupling of K to quadratic matter superfields and, hence, one expects difficulty computing a supersymmetric expression for the anomaly. Two things, then, seem clear. First, it must be possible to directly calculate a supersymmetries expression for the mixed Kähler anomalies. Secondly, it seems likely that we must go to a formalism where K couples to matter as Φ † e K Φ. We show how to do this in the next section.
Conventional Superspace and Tree-Level Symmetries
As discussed in the introduction, the Lagrangian describing the coupling of D = 4, N = 1 supergravity to matter supermultiplets has, in general, a non-canonical gravitational kinetic energy of the form h(A,Ā)R. In the previous sections we showed that if we worked with appropriately rescaled fields so that h(A,Ā) = 1, then the tree-level In the generic case, the structure group of superspace is taken to be simply SL(2, C)
with the associated one-form gauge connection
A . In addition, one introduces the supervielbein E M A and the associated one-forms
the Bianchi identities subject to a set of constraints [22] , one finds that all components of the torsion and curvature may be expressed in terms of a set of superfields and their coordinate derivatives: Using these superfields, one can write down the tree-level superfield Lagrangian in this superspace. Again, it consists of three parts, each specified by a fundamental function. The first part is the supergravity-matter kinetic energy term given by
The second part is the potential energy term given by
Finally, the Yang-Mills Lagrangian is
Note that E is the superdeterminant in conventional SL(2, C) superspace and is not identical to the superdeterminant in Kähler superspace discussed earlier. 
where Σ andΣ are superfield parameters subject to the chirality conditions
It is not hard to show that under (4.5) 
It is clear that if we take
then Lagrangian (4.2) will be invariant. Similarly, if one demands that under Kähler transformations, the superpotential transform as
then, using the fact that under super-Weyl rescalings
it follows that L P E , (4. 
where Φ ci is a background superfield and φ i is the fluctuating quantum superfield.
Henceforth, for simplicity of notation, we will suppress the index i. To proceed further, we must discuss the background field-quantum field splitting of the supergravity superfields. It is well known [20] that the superdeterminant E can be written in terms of a set of supergravity prepotentials H A and ρ, where ρ is a chiral superfield. In terms of these prepotentials E factors into
whereÊ is a complicated function of H A whose exact form is irrelevant for this paper.
What is relevant is that under super-Weyl transformationsÊ is invariant. Superprepotential ρ, on the other hand, transform as
under super-Weyl transformations, which correctly reproduces (4.7). Recall that under super-Weyl-Kähler transformations Σ satisfies (4.9) and, therefore, that
We now perform a background field-quantum field splitting of ρ as
where ρ c is a chiral background superfield and ρ q a fluctuating chiral quantum superfield. Using (4.16), and demanding that
it follows from (4.17) that under super-Weyl-Kähler transformations
where the subscript φ means differentiation with respect to these fields and subscript c means evaluation at the classical background superfield. 
with unit Jacobian, is indeed invariant under super-Weyl-Kähler transformations. Henceforth, we will use φ and ρ ′ q as the fluctuating quantum superfields. We will first display the couplings of uncharged quantum matter superfields φ to background supergravity and background matter fields. Expanding K(Φ, Φ † ) to quadratic order around classical background Φ c gives 
where we have dropped all terms depending on ρ ′ q , since we will not compute gravitational radiative corrections in this paper. For the same reason we have simply replaced
H
A by H A c inÊ. Lagrangian (4.24) displays the couplings of uncharged quantum superfields φ to supergravity and background matter fields. We now proceed to display the couplings of charged quantum superfields φ. We will throughout the paper assume that all chiral matter superfields that carry non-vanishing charge under some YangMills gauge group have a vanishing background. Then, the corresponding Lagrangian 
We are now ready to expand Lagrangians (4.24) and (4.25) into component fields using the standard techniques. The relevant part of the Lagrangian given in (4.24)
reads, to lowest order in the background fields,
where the covariant derivatives arẽ
and where 
where the covariant derivatives arẽ 
Super-Weyl-Kähler Anomalies in Conventional Superspace -The YangMills Case
We are now poised to compute mixed super-Weyl-Kähler-gauge and Lorentz anomalies, in exact analogy with the mixed Kähler-gauge and Lorentz anomalies discussed in section 3. A key difference in these calculations is that now the anomalous fermionic current couples to connection c m rather than to a m . We will, in this section, consider the mixed super-Weyl-Kähler-gauge anomaly only. The mixed gravitational anomalies will be discussed in the next section. We will work to lowest order in the supergravity-Kähler background fields. As before, we consider a set of matter chiral superfields, Φ i , the subset of which with non-vanishing gauge charges so chosen that they are free of gauge and Lorentz anomalies. The relevant part of the supergravity-matter Lagrangian is given in (4.33), with the covariant derivatives given in (4.34). The graph in Figure 2a gives the fermionic contribution to the mixed super-Weyl-Kähler-gauge anomaly. This graph can be evaluated [1] and the associated effective Lagrangian is found to be
In this expression, and in all results for the remainder of this paper, all fields are to be evaluated at their classical background values. We omit the subscript c to avoid a confusing proliferation of notation. Implied in (5.1), as everywhere else in this section, is a sum over all charged matter multiplets φ i . It is readily seen that (5.1) is anomalous under super-Weyl-Kähler transformations. Using (4.32), we find that
which, since it does not vanish, implies that the super-Weyl-Kähler symmetry is broken. Now L χ by itself is not supersymmetric. Before trying to find the one-loop graphs that will supersymmetrize (5.1), it is worth noting that there is a unique superfield expression whose highest component contains L χ . This expression is given by
Expanding (5.3) out into component fields yields .4) where . . . refers to terms containing fermionic and K| θ 2θ2 and K| are given in (3.5).
Can one find graphs that will produce the second and third terms on the right hand side of (5.4)? Unlike the case in Kähler superspace, the answer now is affirmative.
To begin with, we consider the graph shown in Figure 2b 
precisely the second term on the right-hand side of (5.4). The origin and meaning of the third term in (5.4) is a bit more subtle. The relevant graphs are shown in Figure 2c . The top vertices originate through the fermion and scalar kinetic energy terms in (4.33). Evaluation of these graphs leads to the following contribution to the effective action
This is exactly the third term on the right-hand side of (5.4). There are two issues that must be addressed as regards this term. First of all, one might wonder why we did not consider such graphs in our discussion of Kähler superspace. The reason is that in Kähler superspace, R does not transform under Kähler transformations and, hence, these graphs are irrelevant for the discussion of the Kähler anomaly. In the conventional superspace of this section, however, R does transform under the combined super-WeylKähler transformations and, therefore, these graphs are relevant. Secondly, we want to point out that the graphs in Figure 2c are closely related to the gauge two-point function and the associated trace anomaly [19, 17, 29] . The gauge two-point function is computed from the graphs in Figure 3 . Prior to renormalization these graphs are evaluated to be
using dimensional regularization. The energy momentum tensor is defined by
Varying the action associated with (5.7), one finds that the trace of T mn is finite in four-dimensions and given by
This result occurs because the variation of √ −g T r F mn F mn in 4 − 2ǫ dimensions is non-vanishing and proportional to ǫ. This multiplies the 1 ǫ pole and yields the finite result in (5.9). Now, this is true for the non-renormalized theory. However, when (5.7) is renormalized, the pole 1/ǫ is removed, and it is clear that the renormalized T m m = 0 in four-dimensions when evaluated from the graph in Figure 3 . Now add graphs 2c to the renormalized gauge two-point effective Lagrangian. The result in four-dimensions is
It follows from (5.8) that the associated trace of the energy momentum tensor is
which is, up to the sign, the same as in (5.9). The right-hand side of (5.11) is the correct expression for the one-loop trace anomaly [29] of gauge indexed chiral multiplets, each of which has two real scalars and one Weyl fermion. Note that it arises entirely from varying g mn in the three-point effective Lagrangian (5.6) and not in the renormalized two-point Lagrangian. Hence, L χA is the term in the renormalized effective Lagrangian that gives rise to the one-loop trace anomaly.
We conclude, then, that the one-loop three-point graphs shown in Figure 2a 
it follows that
which is non-vanishing. Hence, expression (5.3) represents the supersymmetric mixed super-Weyl-Kähler-gauge anomalous term in the effective action. We point out that expression (5.3) could also have been obtained by direct three-point supergraph calculations using the gauge and supergravitational prepotential formalism [20, 9] . We close this section by showing how to transform the anomalous Lagrangian (5.3), obtained in the conventional superspace formulation, over into a result in the Kähler superspace formulation. Both formulations of supergravity-matter are related by particular superfield rescalings of the underlying torsion constraints [7] . This implies, among other things, that the superfields R and G αα of the conventional superspace formulation are related to the superfields R and G αα of the Kähler superspace formulation by [7] 
where we work to linearised level in K only. It follows from (5.14) that
Applying (5.14) to the anomalous Lagrangian (5.3) yields 
Comparing this expression against Lagrangian (3.3) shows that both agree! Hence, it follows that a consistent way of generating supersymmetric one-loop results in the Kähler superspace formulation is to first perform manifestly supersymmetric calculations in the conventional formulation, and then to transform them over into the Kähler superspace formulation by using the superfield rescalings of the torsion constraints given in [7] . We will, in the next section, apply this strategy to the computation of the mixed supersymmetric Kähler-Lorentz anomaly in Kähler superspace.
Finally, recall that T rT
, where each H is a factor group of the total gauge group, g H is the gauge coupling parameter associated with H and R sums over various representations of multiplets within each factor gauge group. It follows that (5.17) can be written as
In this paper, we have, for simplicity, not discussed Kähler anomalies with internal vector supermultiplet loops. Similarly, we have ignored anomalies involving the sigmamodel Christoffel connection [27, 26, 16, 10] . It seems clear that these calculations will proceed in a manner similar to that discussed above. Assuming this to be the case, the result (5.18) can be easily extended to give the complete supersymmetric Kähler and sigma-model anomalies for both chiral and vector superfield internal loops. The final result is [26, 16, 10 ]
6. Super-Weyl-Kähler Anomalies in Conventional Superspace -The Gravitational Case
We now turn to the computation of the mixed super-Weyl-Kähler-Lorentz anomaly.
We will, again, work to lowest order in supergravity-Kähler background fields. All results presented in this section are for one chiral matter supermultiplet running in the loop. The generalization of these results to N chiral quantum matter supermultiplets is obtained by multiplying all the results of this section by N. The relevant part of the supergravity-matter Lagrangian is given in (4.26) with the covariant derivatives given in (4.27) and (4.28). The graph in Figure 4a gives the fermionic contribution to the mixed super-Weyl-Kähler-Lorentz anomaly. This graph can be evaluated [1] and the associated effective Lagrangian is found to be
Proceeding by analogy with the previous case of the mixed gauge anomaly, we now also evaluate three-point graphs with scalar fields A,Ā running in the loop. Unlike the previous case, however, there are now A 2 andĀ 2 as well asĀA vertices to consider.
These vertices fall into two categories, the "conformal" vertices AĀ and the "conformal breaking" vertices A 2 andĀ 2 . The conformal vertices arise from the φ † φ term in Lagrangian (4.24), which is invariant under the conformal transformations. These are defined by arbitrary super-Weyl transformations, as given in (4.7), accompanied by the superfield rescalings of the quantum fields φ and φ † , given by We begin by evaluating three-point graphs constructed from the conformal vertices only. These graphs are shown in Figures 4b and 4c . The graph in Figure 4b has scalars running around the loop. We find that its contribution to the effective Lagrangian is
where GB denotes the Gauss-Bonnet combination
and we have not computed coefficient d M as it is irrelevant to the physics we wish to discuss. Note that the only Lorentz invariant gravitational combinations appearing in (6.3) are the square of the Weyl tensor, C mnpq , and the Gauss-Bonnet combination GB.
Also note that these are the only quadratic gravitational combinations that transform homogeneously under arbitrary Weyl-rescalings of the space-time metric g mn . The fact that only these two combinations appear in (6.3) is a consequence of the conformal properties of theĀA vertices of the graph shown in Figure 4b . Similarly, the fermion and scalar loop graphs of Figure 4c can be computed, and their contribution is found to be [19, 17] 
Once again, only the two gravitational combinations compatible with the conformal symmetry of the vertices appear in (6.5).
As before in the gauge case, the contribution of (6.5) to the renormalized trace of the energy momentum tensor can be evaluated using (5.8). We find that
which is the well known gravitational contribution to the one-loop trace anomaly from conformal scalars and Weyl-fermions [19, 8] . Note that (6.6) can be put in the form
where 8) and N S (= 2) is the number of scalars fields and N F (= 1) is the number of Weyl fermions. Adding (6.1), (6.3) and (6.5) we find that
Using the identities [30]
it follows that (6.9) is the component field expansion of the following superfield La-
We conclude, then, that the one-loop three-point graphs shown in Figure 4a , b and c give rise to the supersymmetric effective Lagrangian (6.9), or, equivalently, to the superfield Lagrangian (6.11). Note that the background field dependent metric
G A G A † , which multiplies the AĀ-vertices in (4.26), has dropped out in the effective Lagrangian (6.9). Hence, the anomaly coefficient in (6.11) is background field independent. Using (5.12), it follows that under super-Weyl-Kähler transformations These graphs contribute the following non-local term to the effective Lagrangian
where q is given by 6.14) and is the factor multiplying the A 2 vertex, as can be seen from (4.26). Factor q is background field dependent, but invariant under Kähler transformations κ 2 K → κ 2 K +F + F , since it is given in terms of the Kähler invariant combination G = K + lnW + lnW .
Note that it is not q, but the constant vacuum expectation value q that appears in (6.13 is contained in the following superfield Lagrangian
Consequently, the total contribution to the mixed super-Weyl-Kähler-Lorentz anomaly is given by the sum of (6.11) and (6.15)
We point out that expression (6.16) could also have been obtained by direct three-point supergraph calculations using the prepotential formalism [20, 9] .
Lagrangian (6.16) represents the mixed super-Weyl-Kähler-Lorentz anomaly in conventional superspace. We would now like to transform it over into Kähler superspace.
Following the manifestly supersymmetric procedure described at the end of section 5, we now apply the transformations (5.14) to the anomalous Lagrangian (6.16). The result is
extend our results to include gauge vector multiplets running around the internal loop.
The only changes are that the b and b ′ coefficients are now to be evaluated for gauge vector multiplets, and the unknown coefficient d M , which ocurred for chiral multiplets, here does not appear. Putting all of this together we find, after some manipulation, that
where, for simplicity, we have only displayed the terms proportional to K. Note from
(N S − N V ), which yields the correct coefficient in (6.22) multiplying the term proportional to RR.
We close this section with a brief comment on the relationship between the mixed supersymmetric Kähler-Lorentz anomaly, given by (6.22) , and the moduli dependent threshold corrections to gravitational couplings [3] in Z N orbifolds. These corrections were computed for the gravitational coupling constant of C 2 mnpq . The coefficient of these corrections was found to be non vanishing for Z N orbifolds with N = 2 spacetime sectors and to be proportional to the trace anomaly coefficients for the different fields coupled to gravity. This phenomena can now be somewhat understood in the field theory framework as follows. The coefficient of the C 2 mnpq K|-term in (6.22) has, as shown above, its origin in the coefficients of the two distinctive terms (6.3) and (6.5). The coefficient (6.3) is determined by the chiral anomaly (6.1) computed in the conventional superspace formulation, whereas the coefficient in (6.5) is given by the trace anomaly (6.6). By comparing against the results of the explicit string loop calculation of [3] it then follows that, in Z N orbifolds with N = 2 space-time sectors, only a certain amount of the C 2 mnpq K|-term is removed by the Green-Schwarz mechanism [23] . This amount is given by the coefficient of (6.3), yielding a left-over proportional to (6.6) , that is to the trace anomaly coefficients for the different fields coupled to gravity. For Z N orbifolds with no N = 2 spacetime sectors, the entire amount given in (6.16) must be removed by the Green-Schwarz mechanism. This will be discussed in detail in another publication [13] .
Conclusion
We have shown how to calculate the matter contributions to the mixed Kähler-gauge and mixed Kähler-Lorentz anomalies in a manifestly supersymmetric way. Even though we have restricted our analysis to matter loops only, the contributions from Yang-Mills and gravitational fields running in the loop can, in principle, also be computed along the same lines. All these contributions can be obtained by first performing calculations in the conventional formulation of supergravity-matter systems. In this formulation, there exists a prepotential superfield formalism which enables one to separate quantum degrees of freedom from background fields in a manifestly supersymmetric way. Calculations in this superfield formalism lead, by construction, to manifestly supersymmetric results. Such superfield calculations of matter loops should agree with the component field calculations presented above. All these results can be transformed over to the Kähler superspace formulation of the theory. In the latter formulation, the tree-level gravitational kinetic energy is appropriately Einstein normalised. The Kähler anomaly in Kähler superspace is obtained from the one in the conventional formulation by specific superfield rescalings of the underlying torsion constraints [7] . Since these redefinitions are defined at the superfield level, the resulting expression for the Kähler anomaly in Kähler superspace is manifestly supersymmetric.
We would like to emphasize the following. First of all, we have shown that the procedure described in this paper leads to the well known result for the mixed Kähler-gauge anomaly in Kähler superspace [16, 10, 26] , which is responsible for non-holomorphic threshold corrections to the running of gauge couplings in string effective field theories [16, 10, 26, 18, 2, 3, 25] . Secondly, the mixed Kähler-Lorentz anomaly contains, in general, a term proportional to the square of the curvature tensor, R 2 . Its coefficient, however, comes out to be background field dependent, in contrast to both the gauge case and to the terms in the mixed Kähler-Lorentz anomaly proportional to the square of the Weyl tensor, C 2 mnpq , and to the Gauss-Bonnet combination. As shown in [11, 12] , a term in the Kähler anomaly proportional to R 2 can drive inflation in the early universe and, hence, it can have very interesting cosmological consequences. Finally, some field theoretical understanding of the moduli dependent threshold corrections to gravitational couplings in Z N orbifolds [3] can be gained by comparing our results to the ones obtained in [3] by an explicit string loop calculation. These threshhold corrections, computed for the gravitational coupling of the C 2 mnpq -term, turn out to be proportional to the trace anomaly coefficients of the different fields coupled to gravity. From the field theory point of view this can be understood by noticing that there are two distinct terms which contribute to the Kähler anomaly, as described above. One of them comes with a coefficient proportional to the trace anomaly whereas the other one comes with a coefficient proportional to the chiral anomaly in conventional superspace. It is this latter contribution which gets removed by the Green-Schwarz mechanism [23] , yielding threshold corrections proportional to the trace anomaly coefficients of the various fields coupled to gravity. 
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